It is shown that a linear operator T: L%X) -» L\X) (X a locally compact group), with the property that TE c E for each norm closed right translation invariant subspace E of L 2 (X) $ is necessarily continuous. In § 5 the author shows that this is also true for L\X) when X contains an element a which does not lie in any compact subgroup. An example is constructed to show that, in Z°°(-oo, +oo), T can be discontinuous and still leave invariant each a{l°°, I
1 ) closed translation invariant subspace of l°°. If however T: l°°(-oo, -f-oo)-> Z°°(-oo, +oo) leaves invariant all norm closed translation invariant subspaces, then T must be continuous.
We shall use the notation of [3] without further explanation. Sections 3, 4 and 5 overlap with some of the results in 1.4 of Edwards' paper [3] where he shows inter alia that T is automatically continuous in the L 2 case if X is compact and in the L 1 case if X is finitely representable. The work in § β answers the conjecture in 1.7 of [3] . 2* Three basic lemmas. For the first lemma let £ be a normal topological space and sf a set of complex valued functions on X, closed with respect to pointwise multiplication, containing the constant function 1 and such that if / e Sϊf then so is 1 -/. We assume that jy is normal in the sense that if F o and F 1 are closed disjoint subsets of 36 then there is a function / e Sf with f(F 0 ) = {0}, f(F ± ) = {!}" We suppose that there is a mapping f-*S f of S^ into <S$(E), where E is some Banach space 5 such that S fg -S f S g , S L = I, S^f -I -S f . We denote the null space of S f by N f and suppose that T is a linear map of E into E which leaves invariant all the subspaces N f (f eSsf). For each feSsf the composition of T with the quotient [5] , p. 246), gf a collection of open sets from X, N = Π<?e^ N(P(G)) and P Q the orthogonal projection with null space N. Then P o = Proof. With the usual ordering of projections P(\j gf) ^ P(G) for each G in gf and so P(U^) ^ J°o. Now let ζ o eN and consider the measure μ(Y) = (P(F)f 0? fo) defined on the borel sets in X. Sincê (G) -0 for all G in 2^, U^7 is locally of μ measure zero and hence since it is open, μ(\J^) = 0 (see [1] , p. 183). However this implies P( U S^fo = 0 and so P o -P( U gf). operator τ a is a unitary operator in L\X) and its spectral resolution P(.) gives the required map from Szf into έ%?(U(X)).
Since the operators corresponding to elements of Sf are weak operator limits of polynomials in τ a and r*, they commute with all right translations. In particular the ranges and null spaces of the values of P(.) are closed right translation invariant subspaces.
In the following it will be convenient not to distinguish too carefully between the quotient of a Hubert space by a closed subspace and the orthogonal complement of the subspace.
Application of 2.2 shows that T has only finitely many discontinuity values λ x , •• ,λ fc . For each λeϊ which is not a discontinuity value we thus have a set Γcϊ containing λ as an interior point such that P(Y)T is continuous; clearly Y can be taken to be open. Application of 2.3 taking A as the class of open sets G in 36 with P(G)T continuous and P Q ~ P(G) shows that P 0 T is continuous where P o is the orthogonal projection along the intersection of the null spaces of the P(G); Ge A. Lemma 2.4 then shows that
and an integer
n such that a n $ KK~\ Thus
Since a~nK Π K is void this gives
This contradiction shows that the range of P({Xί}) is the zero subspace and P({λ x }) = 0. Similarly P({λ 2 }) = P({X k }) = 0, P o = I and T is continuous. 4. L 2 (X), the general case. The methods of [3] apply when the group X is finitely representable. To show that there is indeed ground not covered by either Edwards' method or Theorem 3.1 we take the group in the following example with the discrete topology. EXAMPLE 4,1. The alternating group A on ^ξ 0 symbols (see [4] , p. 40) is not finitely represent able yet every element lies in a finite subgroup.
Proof. We consider the permutations as acting on I, 2, 3, and denote by A n the subgroup leaving n + 1, w + 2, invariant. A n is isomorphic with the alternating group on n symbols in an obvious way. Suppose φ: A -> GL(m) is an m dimensional representation of A. Then φ induces m dimensional representations of A n for each n which must be trivial for n > m + 1 (see [2] , p. 466). Since A= \jA n ,φ is trivial on A o Thus there is no nontrivial finite dimensional representation of A.
THEOREM 4 β 2. Let X be locally compact but not compact. Let T be a linear map L\X) -* L\X) which leaves invariant each closed right translation invariant swbspace of L 2 (X). Then T is continuous.
Proof. We use here ideas occuring in the theory of W*-algebras (see e.g. [5] , §41).
Let 8 be the set of elements of &(L 2 ) commuting with all the right translation operators. The range and null space of any projection in S is closed with respect to right translation and hence each such projection commutes with T. We consider Z y the centre of 2 } a commutative TF*-algebra. Let ^ be its maximal ideal space so that y// is an extremalϊy disconnected compact topological space (see [6] , p. 294). To show that T has only finitely many discontinuity values λi, •• ,λ Λ , we then apply Lemma 2,2 with ^ as X, Stf as the set of characteristic functions of open closed sets in X and for / e, S f as the projection in Z whose Gelfand transform is /. Applying 2.3 with A as the set of open closed sets G in ^/S for which P(G)T is continuous, where P(G) is the element of Z whose Gelfand transform is the characteristic function of G f we obtain a projection P ^ P(G) for all G in A, such that PT is continuous. From the way in which it is constructed, P e Z, and so P = P(G 0 ) where G o is the maximum element in A which must be ^f\{X u •• ,λ A J. This shows that {λ^ , X k } is open closed and, since ^f is Hausdorff, that if T is discontinuous then ^€ has isolated points.
Let now λ 0 e {λ x , , X k } and let H o be the range of the corresponding projection P o = P({X 0 }).
The algebras S o , So formed by restricting the operators in S, S' to H o form a factored pair (see [5] , p. 450). Now let C be a maximal commutative subalgebra of S Oβ Application of the argument in the previous paragraphs to C in place of Z shows that the maximal ideal space of C contains at least one isolated point μ. Let M Q be the range of the corresponding projection Q. Since Q e S o , M o is a subspace adjoined to S o and is moreover a minimal subspace ( [5] Applying the results in § 2 a third time we see that there is only a finite number of values a u , a n of a for which the restriction of T to M a is not continuous. Let, if possible, a 0 be a value of a different from a u , a n . Let P be the operator in S o whose matrix [a a , β I 0 ] is given by a avΰtQ = a av<Xl = 1, a a , β = 0 otherwise. P is a nonorthogonal projection and PT 0 = T Q P (where T Q is the restriction of T to H o ) so that PT 0 M ai = T 0 PM ai = T Q M aQ which is impossible since P maps M" αi isometrically onto M aQ whilst T Q is bounded on M aQ and unbounded on M a± . Thus A = {α x , , a n }. Now let fo^Mo with ||f o || = 1 an( i let f^ •••,<?" be its copies in M α , , M" α . The subspace of U(X) generated by ξ u , | Λ is closed with respect to all operators in S β Let K be a compact set in X such that Proof. As in 3.1 take 36 as the circle \z\ = l and S%? as the set of functions / on ϊ with absolutely convergent Fourier series 2 a n e inθ -We take for S f the operator g-+μ f *g where, for /ej/ μ f = 2 a ί(δaY By Lemma 2.2, T has only finitely many discontinuity values λ x , « ,λ % . Let j^Q be the subset of J^f consisting of those elements / for which T f is continuous. For each λ e 3c different from λi, , λ w there is / e J^ such that T f is continuous and /(λ) Φ 0.
Put N= nN f (fej#Ό).
If {β s } e l\-oo, +oo) with βf = 0 for all / in J^o where β = J^ β ό z j then β ά = 0 for all j and using the fact that 3£\{λi, , λJ is σ-compact, we can find a countable subset of j^ζ with this property. Now if g e N, then for all 2 α^% G (μ*g)(t) = X a n g{a~nt) = 0 for almost all ί in X Putting /S tffc = g(a k t), k = , -1, 0, 1, we have, for each / e j^J, &/ = 0 for almost all t in X. Since J&% cz j^J and J^f* is countable, we have that for almost all t in X, &/ = 0 for all /GJ/,. Thus /3 t = 0 for almost all t in ϊ and, in particular, /9 ί>0 = #(ί) = 0 a.e. in ϊ so that iV' = {0}. Using 2.3 with A = j^ and P / as the quotient map Z/(X) -> L\X)jN f , the proof is complete. 6* The space l°°. We now show that the continuity hypothesis in 1.6 of [3] is necessary in the case X = Z (the additive group of integers). We use the results in Ch. VII, § 1 of [7] . The E n are norm closed subspaces of £°% E n g E n+1 so that J5L = \jE n is of first category with the induced l°° topology and so is not closed in l°°. We can thus find a discontinuous functional / on l°° which is 0 on EÎ f we then put Ta = f(a)l we then have a discontinuous linear transformation T on l°° such that Ta is in the cτ(ί°°, Γ)-closure of linear combinations of translates of a.
6.2. The conjecture in 1.7 of [3] can only break down in a way similar to that in 6.1. This can be seen by application of the results in § 2 taking 36 as | z \ = 1 and Szf as the set of infinitely differentiable functions on X. We see that if T is a linear transformation l°° -> l°°s uch that Ta is a σ(l°°, ϊ^-limit of linear combinations of translations of a then there is a subspace N such that PT is continuous where P is the quotient map l°° -> l°°/N. The space N is the intersection of null spaces corresponding to a subset J^J of jy, the elements of Jĥ aving only a finite number of common zeros λ 1? , λ Λ . Thus N consists only of elements a with Supp a c {λ 1? , λ z } and since a is of order g 2 we have The coefficient of n is almost periodic so that for a to be bounded the βi are all zero. Hence N is a space of linear combinations of the 6.3. If T is assumed to leave invariant all norm closed translation invariant subspaces of l°° then it is continuous. To show this we apply the argument in 6.2 and then put 1+ = {a; ae ϊ°°, a n = 0 for n < 0}
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